Abstract Bulk ion heating rate from nonlinear Landau damping of high mode number Toroidal Alfvén Eigenmodes (TAEs) is calculated in the frame work of weak turbulence theory. The heating rate is lower than the nonlinear spectral transfer rate to more stable modes, but relatively insensitive to the details of linear damping mechanisms.
Introduction
High mode number (n ∼10) toroidal Alfvén eigenmodes (TAEs) [1] are expected to be unstable in ITER plasmas. Therefore, addressing consequences of their presence is important. In the paper, we study the bulk ion heating rate via ion nonlinear Landau damping (NLLD) of high-n TAEs excited by energetic particles in large tokamak plasmas. While single wave trapping has been the most popular nonlinear saturation mechanism for low-n TAEs [2] , it has been shown that the ion NLLD (or equivalently ion Compton scattering) can lead to an effective nonlinear saturation of high-n TAEs [3] . In that work, an explicit expression has been derived for the saturated magnetic fluctuation amplitude. In this paper, we estimate the bulk ion heating rate from the ion NLLD. We note that a significant bulk ion heating via energetic particle driven Alfvén wave is beneficial for controlled magnetic fusion since it converts energy of the alpha particles, i.e, a fusion product, to energy of fuel ions [4, 5] .
Theoretical model of ion nonlinear Landau damping
We consider nonlinear wave-particle interaction of a pair of high-n TAEs in a toroidal plasma with a weak equilibrium variation in radius. Each TAE with a standing wave eigenmode structure in radius is formed from a linear superposition of two adjacent poloidal harmonics propagating in opposite direction along the magnetic field. As a consequence, TAE has a maximum amplitude at a mid-point between two rational surfaces corresponding to each poloidal harmonics (q(r) = m n and q(r) = m+1 n , respectively) in radius. A physical picture of the nonlinear wave-particle interaction is more transparent if we decompose each TAE into poloidal harmonics which propagate along the magnetic field line. Note that for a given toroidal mode number n, there can exist multiple unstable TAEs (∼ n(q(a) − q(0))) with slightly different eigenfrequencies. This is illustrated in Fig. 1 . Fig.1 With equilibrium variation, degeneracy is broken. Each TAE's has slightly different eigenfrequency. "High-n TAE" still contains many poloidal harmonics
We consider nonlinear interactions between them since the cross section of ion NLLD is the highest for that channel. Since the frequency of TAEs is roughly v A /2qR, significant nonlinear wave-particle resonant interaction can occur only for back scattering of two counter propagating Alfvén waves. We recall that the radial dependence of k of each poloidal harmonics in a sheared magnetic field is given by 
. Therefore, the phase velocity of the beat wave produced by a nonlinear interaction of (n, m) mode with a frequency ω and (n, m + 1) mode with a slightly different frequency ω is given by
This is illustrated in Fig. 2 . Fig.2 TAE peaks at the mid-point of two adjacent rational surfaces corresponding to the poloidal harmonics of the same eigenmode with a toroidal mode number "n". As a consequence, a beat wave with high k = 1/qR, and low frequency ω − ω can be produced nonlinearly
Now if ω = ω−ω is small enough, the phase velocity of the beat wave can be as low as the thermal velocity of bulk ions, v Ti , allowing a strong ion NLLD. Our analytic derivation consists of the third-order weak turbulence theory as pioneered by Sagdeev and Galeev [6] . At the first order, a test TAE (with frequency ω) is described by the ideal MHD equations consisting of the following, 1 c
where φ
are the perturbed electrostatic potential and parallel vector potential, respectively, and
To the second order, from nonlinear ion drift kinetic equation [7] one can obtain an expression for δf
produced by a virtual sound-wave-like beat wave φ
Here, only the dominant J × B nonlinearity and the associated shielding term φ
are retained on the right hand side (RHS). We note that this nonlinear term is absent in standard nonlinear gyrokinetic equations [8, 9] . It has been recently identified in the context of modern gyrokinetics [10] . By integrating over the velocity space, we get
where
and
are the susceptibilities for ions and electrons, respectively. The resonant (imaginary) part is responsible for both spectral transfer and ion heating via ion NLLD. We have, Finally, to the third order, nonlinear evolution of the test TAE φ k (ψ k ) in a turbulent bath of other TAEs φ k (ψ k ) and the low frequency density perturbation δn k (2) is described. It's sufficient to consider the vorticity equation in the presence of δn
By multiplying φ * k to Eq. (5) and taking the imaginary part of the spatial average, one can derive the wave kinetic equation for
at nonlinear saturation can be obtained following the procedure outlined in Ref. [3] .
In this work, we present the results in terms of
In the context of ideal MHD,
(6) Now, it's convenient to work in ω-space instead. We define
The corresponding wave-kinetic equation for ε ω is as follows
(note that Imχ i < 0) is the ion Compton scattering cross section between ψ ω and ψ ω normalized with respect to ε ω 's which has the physical meaning of the energy density for a TAE with frequency ω.
Ion heating from ion nonlinear Landau damping
Most works on the alpha channeling to date focused on the energy extraction machanisms from alpha particles which are faster than the collisional slowing down of these particles on electrons. These include a work involving compressional Alfvén eigenmodes [5] . In this work, we address how high-n TAEs excited by the energetic alpha particles can be damped via NLLD with bulk fuel ions.
Two TAEs, ψ k and ψ k , nonlinearly interact to form a sound-wave-like beat wave ψ (2) k , and this beat wave resonantly interacts with ions with a parallel velocity
In this process, some energy gets transferred from ψ ω to ψ ω with a lower frequency and some energy gets absorbed by the resonant ions resulting in a heating. By adopting a quasi-particle picture, one can get a useful information about temporal disparity between Alfvén wave frequency ω A = vA 2qR and the beat wave frequency ω = (ω − ω ) vTi qR , for ω ω . For each encounter, the higher frequency TAE with frequency ω gives up an energy ω with some of it ( ω ) ending up in TAE with ω , and the difference (ω − ω ) going to the resonant ions [11] . The temporal disparity between Alfvén waves and sound-wave-like beat wave ensures a conservation of the number of TAE quanta in this process of ion NLLD (or equivalently ion Compton scattering). Of course, the number of quanta corresponds to an adiabatic invariant (or an action invariant) for this process. Letting the number of quanta involved in this ion Compton scattering be N ω→ω , the total energy absorbed by ions is given by (ω − ω )N ω→ω . Now, we can calculate the ion heating rate (per unit time) due to ion NLLD involving two TAEs, ψ ω and ψ ω ,
As in quantum mechanics, energy and action (number of quanta) are related by
for any ω. Therefore,
is the time rate of energy gained by ψ ω via NLLD with ψ ω .
∂ ∂t ε
NLLD ω is available from the wave-kinetic equation derived in section 2.
Summing over many ψ ω 's which can participate in ion Compton scattering with ψ ω , we obtain
To evaluate a mode summation in Eq. (12), we employed a continuum approximation. Since strong ion NLLD occurs for ω−ω k v Ti , we need many ψ ω 's within this frequency range and within the Alfvén continuum gap with a width ∼ vA qR . Here, should be understood as the effective local inverse aspect ratio which quantifies the strength of the toroidal coupling. = 2(r 0 /R 0 + ) with being the radial derivative of the Shafranov shift [12] . For an equilibrium variation of ω A dominated by q(r) variation, the frequency difference between adjacent TAEs is given by ω , requiring many modes within the gap. Using the continuum approximation, Eq. (13) yields
is given by Eq. (12), ω 1 is the lower limit near the lower continuum for which a TAE is slightly linearly stable.
In Eq. (14), the integration is mostly governed by a fast-varying dependence on ω , not by constants or slowly varying factors depending on ω . The controlling factor is
Changing the integration variable from ω to y ≡ ω qR vTi , the relevant integral is
Here the lower limit is set by a sign convention of ω > ω which leads to ω > 0. As a result, we obtain
where ε ω has been approximated by ε ω to the leading order since its variation in ω is weaker than that of Imχ i (ω ). Now integrating over all ω's excited, we get the total ion heating due to NLLD of all TAE's with a toroidal mode number n.
(17) For evaluation of an integral in Eq. (17), we need to know the spectrum of ε ω at nonlinear saturation. This is calculated in the next section.
Spectral transfer due to ion nonlinear Landau damping
Spectrum of TAE's at nonlinear saturation is determined by the linear drive/sink and the spectral transfer due to ion NLLD (ion Compton scattering) within the context of weak turbulence theory. This is described in Eq. (7) of section 2.
Since the left hand side should vanish at nonlinear saturation, we have
Once again, this equation can be solved approximately by noting that the variation of Imχ i as a function of ω (or ω at fixed ω ) is stronger than that of ε ω and other multiplicative factors. A procedure for solving Eq. (18) involves an integration which is similar to what is used in section 3.
By defining V (ω ) as M ω,ω = ω V (ω ), and performing integration in Eq. (18) with an integration variable ω , we obtain
Integrating Eq. (19), we get
Since
we finally obtain
This result exhibits that fluctuation energy density peaks at a frequency lower than that with the maximum linear growth rate. This is a consequence of the ion NLLD-induced downward spectral transfer. As discussed in section 3, for each encounter of ion NLLD (ion Compton scattering), an energy released by a higher frequency TAE with ω ends up either in a lower frequency TAE with ω or in heating the ions resonant with the beat wave. The branching ratio for each encounter is obviously ω versus ω − ω . In this problem for plasmas with β i < 2 , ω − ω ω , obviously more fluctuation energy gets transferred to lower frequency TAEs. We can make more quantitative estimation of the spectral transfer versus the ion heating summed over all possible ω's and possible nonlinear interaction channels involving ω and ω 's. The rate of spectral transfer from a TAE with ω can be calculated as ∂ ∂t ε
We recall that an expression for ion heating from a TAE with ω is given by Eq. (14) in which an extra factor of 
Now, the total spectral transfer rate can be estimated as well.
∂ ∂t ε
Transfer Total
On the other hand, 
